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Abstract 

An intermediate inflationary universe model in the context of a generahzed Chaplygin gas is 
considered. For the matter we consider two different energy densities; a standard scalar field and a 
tachyon field, respectively. In general, we discuss the conditions of an inflationary epoch for these 
models. We also, use recent astronomical observations from Wilkinson Microwave Anisotropy 
Probe seven year data for constraining the parameters appearing in our models. 
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I. INTRODUCTION 



The inflationary universe was introduced [l, 2| as a manner of addressing pressing prob- 
lems (horizon, flatness, monopoles, etc.) that were eating away at the bases of the otherwise 
rather prosperous Big-Bang model. The most significant feature of the inflationary universe 
model is that it provides a causal interpretation of the origin of the observed anisotropy 
of the cosmic microwave background radiation (CMB) and the structure formation in the 
universe js, 4]. 

Exact solutions exist for power-law and de-Sitter inflationary universes and they are 
created by exponential and constant scalar potentials, see Ref.[l, 5]. Exact solutions can 
also be obtained for the scenario of intermediate inflation, where the scale factor, a{t), 
increases as 

a = exp[At^], (1) 

in which A and / are two constants; A > and < / < 1 j^. The expansion of this 
inflationary scenario is slower than de-Sitter inflation, but faster than power law inflation, 
this is the denotation why it is called " intermediate" . The intermediate model was originally 
formulated as an exact solution, but it may be best inspired from the slow-roll approximation. 
From the slow-roll approximation, it is possible to have a spectrum of density perturbations 
which presents a spectral index ~ 1 and also in particular = 1 (Harrizon-Zel'dovich 
spectrum) for the value / = 2/3 [7]. However, the value = 1 is disfavored by the current 
Wilkinson Microwave Anisotropy Probe (WMAP) observational data ^, 4]. Also, the tensor 
perturbations which could be present in this model, through of the parametrized by the 
tensor to scalar ratio r, which is significantly r 7^ ^, 9|. On the other hand, the motivation 
to study this expansion becomes from string/M-theory, indicates that in order to have a 
ghost-free action high order curvature invariant corrections to the Einstein-Hilbert action 
must be relative to the Gauss-Bonnet (GB) term[lo|, where this expansion appears to the 
low-energy string effective action H, 12| (see also, Ref . jisl] ) . 



On the other hand, the generalized Chaplygin gas (GCG) is other aspirant for exp 



ainmg 



the acceleration of universe. The exotic equation of state of the GCG is given by 14 1 
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where pch and pch are the energy density and pressure of the GCG, /3 is a constant in 
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which P < 1, and a is a positive constant. In particular, when P = 1 corresponds to the 
original Chaplygin gas |14[. Replacing, Eq.([2]) into the stress-energy conservation equation, 
the energy density results 
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Here, a is the scale factor and B is a positive integration constant. In this way, the GCG is 
characterized by two parameters, B,^ = a/p}^hn and /3. These parameter has been confronted 

0.73+°om and 



by observational data, see Refs. 
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-0.091 

o;i2 was obtained in Ref. 



16|. In particular, the values of B, 



16[. Also, in Ref.[17| the values 0.81 < B, < 0.85 



and 0.2 ^ /3 ^ 0.6 were found from the observational data arising from Archeops for the 
location of the first peak, BOOMERANG for the location of the third peak, supernova 
and high-redshift observations. Recently, the values of Bg = 0.775l'lo;oigiio;Qi^^s and /3 = 
OmUGt^oSl-imilt^ was obtained from Markov Chain Monte Carlo method(l8|. 

The Chaplygin gas arises as an effective fluid of a generalized d-brane the space time, in 
a Born-Infeld action [l3| and these models have been extensively analyzed in Ref. 19|. In 
the model of Chaplygin inspired in an inflationary scenario commonly the standard scalar 
field drives inflation, in which the energy density given by Eq.dH]), can be extrapolate in the 



Friedn^^n equation fa a.chiv.„g a. appropriate Matio„a.y period N- However abo a 

tachyonic field in a Chaplygin infiationary universe model was considered in Ref.[21|. The 



possibi 
in Ref. 



ity of having Chaplygin models with scalar field and tachyon field has been considered 



22| . The modification of the Friedmann equation is realized from an extrapolation 



of Eq.(|3]), where we identifying the density matter with the contributions of the density 
energy associated to the standard scalar field or tachyonic field [l^, In this way, the 
GCG model may be viewed as a variation of gravity and there has been great interest in the 
elaboration of early universe scenarios motivated by string/M-theoryj23j. It is well known 
that these modifications can lead to significant changes in the early universe. 

In this paper we would like to study intermediate-GCG infiationary universe model in 
which different types of energy densities are taken into account. In particular, (i) when the 
energy density is a standard scalar field, and (ii) when the energy density is a tachyon field. 
We will investigate the dynamic in both models and also we shall utilize to the seven-year 
data WMAP to restrict the parameters in our models. The outline of the paper is as follows. 
The next section presents the dynamic of the intermediate-GCG Infiationary scenario for our 



two models. Section IIIII deals with the calculations of cosmological perturbations. Finally, 
in Sect JI VI we conclude with our finding. 



II. INTERMEDIATE-GCG INFLATIONARY UNIVERSE MODEL 



It is well know that the GCG model can also be used to describe the early universe. 
During infiation the gravity dynamics may give rise to a modified Friedmann equation [itI 



(4) 



where k = Svr/mp, rup is the reduced Planck mass, p,^ is the energy density of the scalar 
field and H = a /a is the Hubble parameter. This modification in the Friedmann equation 
is the so-called Chaplygin inspired infiation scenario[l7|. Following this idea, lately, some 
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24|. 



work has been done, this involves Chaplygin infiationary universe model, see Refs. 

In the following, we will considers two matter fields for p^; the standard scalar field and 
tachyonic field, respectively. For convenience we use units in which c = h = 1. 



A. Standard scalar field 

We consider that the matter content of the universe is a standard scalar field (f), in which 
the energy density is given by p^ = ^ + V{(j)) and the pressure P4, = ^ — ^(0) where 
V{(})) = V is the scalar potential. The conservation equation is given by 



p^ + 3H (p^ + p^) =0, (5) 

which is equivalent to the equation of motion of the standard scalar field 

4)+ 3H (j) + V' = 0, (6) 

in which, V = dV{(f))/d(f) and the dots mean derivatives with respect to time. 
From Eqs.(jl]) and ([5]), we get 
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and the effective potential becomes 



V = -H' 
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Note that for a = 0, the expression for (j)^ and the scalar potential V given by Eqs.(I7]) and 
([8]), reduced to typical expression corresponding to standard inflation, where (j? = —2H/k 
and 1/= {3H^ + H)/k Q]. 

The solution for the standard scalar field 0, using Eqs.([T]) and ([7]) is given by 



m 
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(5) f J(l - a4(i-/)(i+/3) and 
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is an integration constant, the constant K = + 



'2(l-/)(l + /3)'2(l + /3)_ 

Here, B[t], is the incomplete Beta function [25] and without loss of generality 0o = 0. 

For the Hubble parameter H{(j)), we get H{(j)) = Af{B^^[K(f)])^^^, where represent 
the inverse function of the incomplete Beta function. 

In the slow- roll approximation, the first term of Eq.([H]) dominate the effective potential 
at large value of and using Eqs-dH]) and we have 
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Note that we would have obtained the same potential V{(f)) represented by Eq. flTUl) . consid- 
ering the set of slow-roll conditions, where 0^ ^ ^(0) and ^ 3H(f). 

and 



The dimensionless slow-roll parameters in this case become e = —j^ — Af(js-i^K<j)]y ■ 
rj = — = Af(B-^[K 4>])f ■ '^^^ inflationary scenario takes place when the slow- roll parameter 
e < 1 or analogously when a > 0. Therefore, the condition for inflation to occur is satisfied 



1-/ 



when the standard field 
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Using Eq.(l9]), the number of e-folds N between two values of cosmological times ti and t2 
or analogously between two different values of 0, in which 0(t = ti) = 0i and 0(t = ^2) = 02, 
becomes 
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t2 



Hdt = A 
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Considering that the inflationary scenario begins at the earliest possible scenario in which 

V/1 



e = 1 [9;], then the scalar field 0i, is given by 
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B. Tachyon field 



For the case of the tachyonic field, the energy density and the pressure are given by 

_ v{'i>) 



and = — 1^(0)y 1 — respectively. Here, represents the tachyon field and 



V{(j)) = is the tachyonic potential. The equation of motion for the tachyonic field from 
Eq.®, is given by 

^ . T/' 

0. (12) 
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Using, Eqs.dl} and ( IT^ . we get 
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and the tachyonic potential as function of the Hubble parameter H and H, becomes 
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Again, when a = the expressions for the velocity of the tachyonic field and V reduced 
to standard tachyonic model, where = ^-2H/{3H^) and V = {3/k)H^^Ji + 2H/{3H^) 
(see Ref.[26|]). 



From Eqs.([T]) and f|T3|) . the solution for the tachyonic field becomes 

m 
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where the constant K = 



2-/ 2-f 
V^(l+/3)yiZ7(|) 4(1-/) ^4(1+/3)(1-/) 
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(A/)2(i+/3) '4(l + /3)(l-/)'2_ 

Here, again B is the incomplete Beta function. Now, by using Eqs.(II]) and (|T5l) . the Hubble 
parameter as a function of the tachyon field, becomes -ff(0) = Af {B''^[K (j)])^^^ ^ where B"^ 
represent the inverse function of the incomplete Beta function and 0o = 0. 

Analogously, as the case of the standard scalar field, during the slow-roll approximation, 
the first term of Eq.f lT4|) dominate the effective potential at large value of and from Eqs.([T]) 
and ( IT5l) . we get 
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In addition, note that again we would have obtained the same tachyonic potential, con- 
sidering the set of slow-roll conditions for the tachyonic field, where 0^ ^ 1 and (j) ^ 3i70. 

Again, as before now we can write the dimensionless slow-roll parameters for the case 
of the tachyonic field. Considering Eqs.([T]) and f lTS]) . we get e = ^{B-^[K(p]yf, and 

The number of e- folds between times ti and t2 using Eq. dlSp is given by 
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Analogously, as the case of the standard field, the infiation begins at the earliest possible 



scenario, in which 



is 

K 



III. COSMOLOGICAL PERTURBATIONS 

In this section we will analyze the scalar and tensor perturbations for our models, where 
the matter content of the universe are the standard scalar field and the tachyonic field, 
respectively. 

A. Standard scalar field 



In the following, we will consider the power spectra of scalar and tensor pertur 
the metric in Chaplygin infiation. We introduce the gauge invariant quantity 



Dations to 
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28| 



C = H 



6p 

P 



where ip is the gravitational potential. On slices of uniform density ( reduces to the curvature 
perturbation. A fundamental characteristic attribute of ( is that it is nearly constant on 
super-horizon scales. This feature, result to be a consequence of stress-energy conservation 
and does not depend on the gravitational dynamics 



it continues unchanged in Chaplygin infiation 



20 



(see also, Ref. 



30l|). In this context. 



311 ■ ^^^^ form, the power spectrum 
related to curvature spectrum, could be written as Vji ^ (C^)- It can be shown that on 
super-horizon scales, the curvature perturbation on slices of uniform density is equivalent 
to the comoving curvature perturbation. Therefore, for the spatially fiat gauge, we have 
C = H^, in which = H/2Tr [321. 
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In this way, the power spectrum considering Eq.(I7]), is given by 
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or equivalently in terms of the standard scalar field 
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The power spectrum V-ji, also can be expressed in terms of the number of e-folds N, as 
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(20) 



Numerically from Eq. fl20|) we obtained a constraint for the parameter A. In fact, we can 
obtain the value of the parameter A for given values of /, a and /3 parameters when number 

and the power spectrum Vn are given. In particular, for the values Vn = 2.4 x 10~^, 
N = QO, f = 1/2 and k = 1, we obtained that for the pair (a = 0.775, /3 = 0.00126) 18|, 
which corresponds to the parameter A ~ 8.225 x 10~^, for the pair (a = 0.81, /3 = 0.2) [17|, 



corresponds to A ^ 2.635 x 10 ^ and for the pair [a = 0.85, /3 = 0.6) [17|, which corresponds 
to A ~ 8.407 X 10~^ 

On the other hand, the scalar spectral index rig is given by the expression Ug 
dlnV-jz/ and considering Eq. (fT9|) . we get 
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« I T7T7-F9 I and 7 = 2(1 — /)(1 + /3), respectively. 
From Eq. (l2Tl) . we clearly see that 7^ 1, for / = 2/3 (recall that 1 > / > 0). However, 
as occurs in Ref.Q, Us = 1 for the value / = 2/3, where the scale factor increases as 
a{t) ~ e*^''^. Also, we noted that in the limit a — )• 0, the scalar spectral index n^, given 
by Eq.( l2Tl) . coincides with that corresponding to intermediate- infiationary model, where 
ns = l- Ci/02 with Ci = 8(1 - /)(2 - 3f)/p, see Ref.|9|. 

The scalar spectral index Ug in terms of the number of e-folds N, becomes 
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On the other hand, the generation of tensor perturbations during the scenario inflationary 
would produce gravitational wave [29] . The corresponding spectrum is 

V,= 8n (^)' = ^-^A^f{B-'[K<p])-^^'-f\ (23) 





FIG. 1: The upper panel shows the evolution of the scalar spectrum index Ug versus the number 
of e-folds N. The lower panel shows the contour plot for the parameter r as a function of the Ug 
at lowest order, for the case of the standard field. Here, from WMAP seven- years data[3], two- 
dimensional marginalized constraints (68% and 95% confidence levels) on inflationary parameters 
r and Ug. Dotted, dashed, solid and dot-dashed lines are for the pairs (a = 0.81, /3 = 0.2), 
(a = 0.775, /3 = 0.00126), (a = 0.85, /3 = 0.6), and the standard intermediate model (a = 0), 
respectively. In both panels we have taken the values pcho = 1, / = 1/2, k = 1 and A ~ 
2.635 X 10-2; 8.225 x lO^^; 8.407 x 10-^ respectively 

An important observational quantity is the tensor to scalar ratio r, which is deflned as 
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(^). From Eqs.([l9]) and ([23]) we write the tensor to scalar ratio as 
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Combining Eqs.f llip and i^^, we can write the tensor-scalar ratio r in terms of the 
number N, as 
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In Fig.([T]), the upper panel shows the evolution of the scalar spectrum index n<j versus 
the number of e-folds A^, and the lower panel shows the contour plot for the parameter r 
as a function of the Ug at lowest order, for different values of the parameters-GCG, a and 
/3 in the case of the standard scalar field. In particular, the dotted, dashed, solid and dot- 
dashed lines are for thepairs {a = 0.81, (3 = 0.2) see Ref. 17|, (a = 0.775, /3 = 0.00126) Q, 
(a = 0.85, (3 = 0.6) [17|, and the standard intermediate model (a = 0)[9|, respectively. 
Here, we have used the value pcho = 1, then the parameter Bg = a/PcT^o — From the 
upper panel, we noted that the graphs for the pair {a = 0.775, f3 = 0.00126) present a 
small displacement with respect to the number of e-folds N, when compared to the results 
obtained in the standard intermediate model, in which a = 0. 

On the other hand, from Ref. jsl , two-dimensional marginalized constraints (68% and 95% 
confidence levels) on inflationary parameters r and Ug, the spectral index of fluctuations, 
deflned at = 0.002 Mpc~^. In order to write down values that relate the tensor to scalar 
ratio and the spectral index we numerically solved Eqs. ( l2TI) and ( l24l) . Also, we have used 
the values / = l/2, k = 1 and for the parameter A the values A ~ 2.635 x 10~^; 8.225 x 
10-2; 8.407 X 10-^ respectively. We noted that the pairs (a = 0.81, /3 = 0.2) and (a = 0.775, 
(3 = 0.00126), the model is well supported by the data as could be seen from Fig.([T]). Also, 
we noted that the pair {a = 0.85, (3 = 0.6) given by solid line, becomes disfavored from 
observational data, since the spectral index Ug > 1. Also, we noted that for this pair 
r ~ (solid line). We have found that the pair {a = 0.775, (3 = 0.00126), present a small 
displacement in relation to the standard intermediate model that corresponds to a = 0, as 
could be seen from the Fig. ([T]) . 

In this way, we have shown that the intermediate-GCG inflationary model is less restricted 
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than analogous ones standard intermediate inflationary models due to the introduction of 
new parameters, i.e., a and (3 parameters. 



B. Tachyon field 



For a tachyonic 



ield the power spectrum of the curvature perturbations is given by 



Vr = (g) ^ |33|, where Zs = V{1 - 02)-3/2 ~ v[3i. Following Ref.|34, the power 
spectrum Vr is approximated to be Vr ~ tf- From Eq.( lT5]) and considering Eg. ( ITS]) . 



we write the power spectrum in terms of the tachyonic field in the following way 
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in^ (1 - /) 



3/- 2 



a 



2{1+/3)(1-/) 



1+/3 



(26) 



The scalar spectral index Ug, using Eg. (fl5]) . is given by 
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iB-'[K<p]y-f. (27) 



Again, as the case of the standard scalar field from Eg. (|271) . we see that 7^ 1, for the case 
/ = 2/3. 

On the other hand, the amplitude of tensor perturbations Vg, is given by 
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2tx 
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From expressions ( 126]) and ( 128]) we write the tensor to scalar ratio as 



1 — a 
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(^-i[i^</)])2(i+/^)(i-/) 



(29) 



Again, we noted that when a — )■ and considering Egs.(l27]) and ( 129]) the consistency relations 
at lowest order, Ug = ns{r), reduced to standard tachyonic model, where = 1 — yIh^ 



see Ref. 



26|. 



16(1-/) 



We noted numerically from Egs. (!27]) and (129]) that the trajectories in the — r plane 
between standard field and tachyon field can not be distinguished at lowest order. This 
coincidence in the consistency relations, = ns{r) between standard field and tachyon 



field, has already been noted in Ref. 



35| . Nevertheless, the tachyon field inflationary leads 
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to a deviation at second order in the consistency relations, where the spectral index at second 



order nf^ , becomes 35| 



nf) ^ -(2^2 + 2[2Ci + 3 - 2C2]er] + 2Cir/7), (30) 

where the product r/7 = {9ml/2)[2V"V' /V^ - lOVV^ /V^ + WyV% the constant is 
a numerical constant approximately Ci ~ —0.72 and the constant C2; is C2 = in the case 
of the standard scalar field and C2 = 1/6 for tachyon field, respectively. Following Ref . |35| . 
the expression for the tensor to scalar ratio at second order r*^^\ in the tachyon field is given 
by 

lQe{2Cii]-2C2e). (31) 



r 



(2) 




FIG. 2: Contour plot for the parameter r as a function of the Ug for the pair [a = 0.81, /3 = 0.2) 
in the case of the tachyonic field. Solid and dotted lines are for the trajectories at lowest order and 
at second order, respectively. Again, as before in drawing the graphs we took A ~ 2.635 x 10~^, 
PCho = 1, / = 1/2 and k = I. 

In Fig.(|2]), we show the dependence of the tensor to scalar ratio r on the spectral index n^, 
for the pair (a = 0.81, /3 = 0.2) in the case of the tachyonic field. Solid and dotted lines are 
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for the trajectories at lowest order and at second order, respectively. In order to write down 
values that relate the tensor to scalar ratio and the spectral index, we numerically solved 
Eqs.(I27]), 022]), dSni) and ([SI]). Again as before, we have used the values A ~ 2.635 x 10"^ 
Pcho = 1) / = 1/2 and K = 1. We observed numerically, that the trajectories in the — r 
plane for the tachyonic field, when we used the second-order corrections to our analysis 
at first-order in slow roll, are small and this correction can be neglected to a very good 
approximation. 

IV. CONCLUSIONS 

In this paper we have investigated the intermediate inflationary model in GCG. In the 
slow-roll approximation we have found solutions of the Friedmann equations for a flat uni- 
verse containing a standard scalar fleld or a tachyonic fleld, respectively. In particular, 
for both scalar flelds and from the scenario of intermediate inflation, we have obtained ex- 
plicit expressions for the corresponding, effective potential, power spectrum of the curvature 
perturbations, tensor to scalar ratio and scalar spectrum index. 

For the scalar fleld, we have considered the constraints on the parameters of the GCG, 
from the WMAP seven year data. Here, we have taken the constraint r — Us plane at lowest 
order in the slow roll approximation. In order to write down values that relate the tensor to 
scalar ratio and the spectral index we numerically solved Eqs. fl2ip and (jM])- We noted that 
the pairs (a = 0.81, {3 = 0.2) and (a = 0.775, (3 = 0.00126), the model is well supported by 
the data as could be seen from Fig.(IT]). Also, we noted that the pair (a = 0.85, (3 = 0.6) 
given by solid line, becomes disfavored from observational data, since the spectral index 
Hg > 1. We have found that the pair {a = 0.775, /3 = 0.00126), present a small displacement 
in relation to the standard intermediate model that corresponds to a = 0, as could be seen 
from the Fig.([T]). In particular, we have used the values pcho = 1;/ = 1/2,k = 1 and 
A ~ 2.635 X 10-2; 8.225 x lO^^; 8.407 x 10-^ respectively. 

For the tachyonic fleld, we noted numerically from Eqs.f l27p and ( 129|) that the trajectories 
in the Ug — r plane between standard fleld and tachyon fleld can not be distinguished at 
lowest order. However, we have obtained the dependence of the tensor to scalar ratio r on 
the spectral index Ug at second order. In order to write down values that relate the tensor 
to scalar ratio and the spectral index at second order, we numerically solved Eqs.( 17r|) . (12^ . 
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(130|) and (1311) . for the pair {a = 0.81, f3 = 0.2). In this case, we observed numerically that 
the trajectories in the ng — r plane, when we used the second-order corrections to our analysis 
with respect to the first-order corrections in slow roll are small, as can be seen from Fig.(|2]). 

Finally, we have shown that the intermediate-GCG inflationary models are less restricted 
than analogous ones standard intermediate inflationary models due to the introduction of 
new parameters, i.e., a and /3 parameters. The incorporation of these parameters gives us a 
freedom that allows us to modify the standard intermediate model by simply modifying the 
corresponding values of the parameters a and (3. 
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